The stability and bifurcation of a van der Pol-Duffing oscillator with the delay feedback are investigated, in which the strength of feedback control is a nonlinear function of delay. A geometrical method in conjunction with an analytical method is developed to identify the critical values for stability switches and Hopf bifurcations. The Hopf bifurcation curves and multi-stable regions are obtained as two parameters vary. Some weak resonant and non-resonant double Hopf bifurcation phenomena are observed due to the vanishing of the real parts of two pairs of characteristic roots on the margins of the "death island" regions simultaneously. By applying the center manifold theory, the normal forms near the double Hopf bifurcation points, as well as classifications of local dynamics are analyzed. Furthermore, some quasi-periodic and chaotic motions are verified in both theoretical and numerical ways.
Introduction
The effects of delay are popular in dynamical systems due to the finite propagation speed of signals or the finite time of processing or reacting. In the study of delayed systems, many delay factors appear in state variables and some of them appear in parameters. In recent years, delay feedback control is widely applied in mechanical and electronic facilities. In the present paper, we consider a van der Pol-Duffing oscillator controlled by the parametric delay feedback
2 (t) ẋ(t) + βx 3 (t) = A e −pτ x(t − τ ) − x(t) , (1.1) where ω 0 , b, γ , A, p are positive real constants, and τ 0 is the time delay. Note that the strength of feedback control takes the form of Ae −pτ , a function exponentially decreasing with the time delay. This implies that the feedback effect of the past state is fading with the time t. Mathematically, the bigger both τ and p are, the smaller the factor Ae −pτ is. Hence, p is called the decay rate. Equation (1.1) behaves like a van der Pol-Duffing oscillator as τ or p becomes sufficiently large, which means the vanishing of the delay effect. Apparently, the strength of feedback control Ae −pτ becomes the delay-independent constant A as p = 0, then Eq. (1.1) becomes the van der Pol-Duffing equation with a regular delay. Therefore, Eq. (1.1) appears to be a more general model and is of much interest in several areas such as biology and engineering. Delay differential equations (DDEs) with delay-dependent parameters can be referred to some 'stage-structured' models in biology (see [1] [2] [3] [4] [5] ). In one of our recent works [6] we discussed the stability and the Hopf bifurcation of a population model with delay-dependent parameters controlled by the parametric delay feedback. Many research works on dynamics of DDEs are concerned with delay-independent parameters [7] [8] [9] [10] [11] etc. and much attention [12] [13] [14] has been carried out on the double Hopf bifurcation and complex dynamics of delayed oscillators with time-independent parameters. The center manifold method was adopted to reduce DDEs into finite-dimensional systems [15] [16] [17] [18] [19] [20] [21] , and the bifurcation analysis of DDEs could be achieved for the reduced systems.
In this paper, a geometrical method for studying stability of Eq. (1.1) with delay-dependent parameters is developed on a two-parameter plane. Beretta and Kuang [5] had presented an elegant geometrical criterion with the delay τ as a single bifurcation parameter. In order to get a deeper insight into the higher-dimensional bifurcation analysis of Eq. (1.1), we may apply and extend the geometrical method to the case of two bifurcation parameters and consider the effect of the additional parameter p for stability switching at the critical values of delay. Complex dynamical behaviors of Eq. (1.1), including Hopf bifurcations and multi-stable regions, double Hopf bifurcation, quasi-periodic and chaotic motions, are analyzed theoretically and numerically. In particular, the double Hopf bifurcations are induced if two pairs of imaginary roots appear simultaneously on the margins of the "death island" regions.
The rest of this paper is organized as follows. In Section 2, we present a two-parameter geometrical criterion to the stability and the Hopf bifurcations of Eq. (1.1). Some weak resonant and non-resonant double Hopf bifurcations are analyzed and the necessary conditions for double Hopf bifurcations are discussed. In Section 3, computations of normal forms and universal unfoldings at the double Hopf bifurcation points are carried out, and local classification in the neighborhood of double Hopf points is undertaken. At the end of this section, numerical simulations are done to reveal dynamical behaviors near double Hopf bifurcation points, such as quasi-periodical solutions and chaos. The Neimark-Sacker bifurcation is also detected. In Section 4, we present a brief conclusion.
Stability analysis
In this section, we divide our arguments into two parts. We first investigate the stability-switches and the Hopf bifurcation for system (1.1), where the delay τ and the decay rate p are chosen as bifurcation parameters. Then we study some resonant and non-resonant double Hopf bifurcations of system (1.1).
Hopf bifurcation
Since Eq. (1.1) has an equilibrium solution x = 0, making a linearization of system (1.1) near x = 0 leads to the characteristic equation
Substituting λ = α + iω (with the assumption ω > 0) into Eq. (2.1) and equating both the real and imaginary parts to zero yields
The stability of the trivial solution may change and the Hopf bifurcation may occur when some characteristic roots of Eq. (2.1) have zero real parts. Set α = 0, then Eq. (2.2) becomes 
which can be further transformed into
with
It can be seen from Eq. (2.4) that sin θ > 0 due to our assumptions. Let θ = θ 0 + 2nπ (n = 0, 1, 2, . . .), and substitute it into Eq. (2.6). To ensure the positivity of ω ± in Eq. (2.6), there is a limit condition for θ 0 :
From (2.6) and (2.7) it is easy to see that when θ 0 = π/2 we have ω − = ω + in Eq. For each n, the maximal value p max n can be computed by dp ± (θ) dθ = 0. It is obvious that from Eqs. (2.5) and (2.6) we have dp
Substituting p ± from Eq. (2.5) and ω ± from Eq. (2.6) into Eq. (2.8) and solving for θ max n from dp ± (θ) dθ = 0 for each given n, we can derive the value p max n from Eq. (2.5). As shown in Fig. 1 , the maximal points (θ max n , p max n ) are denoted by dots for n = 0, 1, 2, 3, respectively. Moreover, the Hopf bifurcation values of delay τ can be also found from Eq. (2.5). For the given p, we denote the roots of the equation p ± (θ ) = p by θ k,n (k = 1, 2), the corresponding characteristic roots by ω k,n and the bifurcation delay values by τ k,n , respectively. Consider the stability-switch and Hopf bifurcations of Eq. (1.1). For the given τ , we suppose that Eq.
for simplicity in what follows, we have α(τ c ) = 0 and ω(τ c ) = ω c . Differentiating equation (2.2) with respect to τ , we have
Aτ e
−pτ cos(ω c τ ) which, using (2.5), can be rewritten as
From Eqs. (2.8), (2.10) and (2.11) we have the inequality dα dτ · dp dθ | τ =τ c < 0. As shown in Fig. 1(a) and Fig. 1(b) , due to the uniqueness of p max n , for each n we get dp dθ > 0, as θ = θ 1,n with n = 0, 1, 2, . . . , < 0, as θ = θ 2,n with n = 0, 1, 2, . . . .
(2.12)
Thus, we have dα dτ
Based on the analysis in the previous work [6] , we know that the equilibrium x = 0 is unstable for the case without the delay (that is, τ = 0). When τ increases continuously, the situation remains unchanged until the first critical value τ 1, 0 corresponding to a pair of characteristic roots with the real part being zero, and the Hopf bifurcation occurs at τ 1,0 . According to (2.12) and (2.13), dα dτ is always negative on the dashed lines, whereas it is positive on the solid lines in Fig. 2 . As τ increases to the next critical value τ 2,0 , the trivial solution switches from a stable one to an unstable one again. Thus a stability region is formed in the (τ, p) plane, as shown in Fig. 2 , and the Hopf bifurcation occurs on the boundary of this region. Generally, more stability regions can be formed if τ 1, j < τ 2, j for 1 j m, m ∈ Z + . As shown in Fig. 2 , the multiple stability regions are plotted by the shaded ones. These stability regions are also termed "amplitude death regions" or "death islands" in the (τ, p) plane [7] .
Double Hopf bifurcation
In the last subsection, the multiple stability regions are formed in the (τ, p) plane, which implies multi-time switches between the stable and unstable states of zero solution. However, when p = p c , if τ 1,j = τ 2,j = τ c is satisfied for some j 1, taking account of the intersection of the curves τ + and τ − in Eq. (2.5), a double Hopf bifurcation point (p c , τ c ) appears. As the values of the parameter p and the delay τ vary, a number of double Hopf bifurcation points arise. Consequently, some resonant and non-resonant double Hopf bifurcation phenomena can be observed. From Eq. (2.5), the condition for the double Hopf bifurcation τ c = τ 1,j = τ 2,j for the given j determines the following relationship:
From the first equation of (2.4), we have another necessary condition between θ 1,j and θ 2,j for the double Hopf bifurcation
15)
The quality τ 1,j = τ 2,j means that the linearized system around the trivial equilibrium has two pairs of purely imaginary eigenvalues ±iω 1 and ±iω 2 simultaneously. If we assume that 
(2.17) Table 1 . If we choose the parameters b = 0.27, ω 0 = 0.8, the value of parameter A and the corresponding bifurcation parameter pairs (p c , τ c ) for double Hopf bifurcations can be obtained and listed in Table 2 .
Normal form for double Hopf bifurcations
In this section, by means of the center manifold theory and the normal form technique, we study the bifurcation direction and the stability of bifurcating periodic solution at the double Hopf bifurcation point of Eq. (1.1) for p = p c , τ = τ c as presented in the preceding section. For calculational purposes, we first re-scale Eq. (1.1) by x → √ εx, then it becomes
Setting p = p c + εp ε and τ = τ c + ετ ε , Eq. (3.1) is equivalent to 
Further, we define
where
For φ ∈ C, the linear operator defined by system (3.2) generates an infinitesimal generator of the semi-flow of bounded linear operators with
. Then system (3.2) can be re-expressed as an operator differential equation 
and
From the discussion given in Section 2, we know that for p = p c , τ = τ c , the characteristic equation (2.1) has a pair of pure imaginary eigenvalues Λ = {±iω 1 , ±iω 2 } at the double Hopf bifurcation point and the other eigenvalues with negative real parts. We then designate P Λ ⊂ C as the 4-dimensional center subspace spanned by the basic vectors of the linear operator L(0) associated with the imaginary characteristic roots. We decompose C as C = P Λ ⊕ Q Λ , where Q Λ is the complement subspace of P Λ . Referring to [18, 19] , Eq. (3.1) can be rewritten as an ordinary differential equation in the Banach space C of functions bounded and continuous on [−τ c , 0) with a possible jump discontinuity at 0. Elements of C are of the form φ + X 0 α, where φ ∈ C, α ∈ R n and X 0 (θ ) = 0 for θ ∈ [−τ c , 0) and
We suppose that the bases of P Λ and P * Λ , respectively, are
It can be computed directly that
In order to compute q * i , we suppose that it has the form of
By a direct calculation based on (3.3) and (3.5)-(3.8), we obtain
Thus, the explicit expressions for Φ and Ψ can be obtained by substituting q i , q * i (i = 1, 2) into Eq. (3.6). , 0) , R), and denote u t = Φz + v t . Equation (3.4) is equivalent to the following system
The matrix B generates the torus group T 2 = S 1 × S 1 whose action on C 2 is given by
Then the T 2 -equivalent normal form, which is truncated to the quadratic order, is 
In polar coordinates z 1 = r 1 e iρ 1 and z 2 = r 2 e iρ 2 , the amplitude equation resulted from Eq. (3.10) is
If removing the dependence on the unfolding parameters p ε , τ ε from Eq. (3.9), we obtain In order to determine the phase portraits of system (3.11) around the equilibria, we need to use higher order terms in the Taylor series as well as the center manifold theorem. For system (3.11) the third order terms are sufficient and the truncated power series of v t on the center manifold can be approximated by zero. Hence the resulting truncated system of (3.11) becomes
Here we apply the standard normalization technique by setting
Substituting (3.13) and (3.14) into (3.12) and comparing the corresponding coefficients on both sides to determine h 1 and h 2 so as to round off the non-resonant terms, we obtain
In polar coordinates, the amplitude equation resulted from Eq. (3.12) becomes r 1 = r 1 Re(B 11 )r Buono and Bélair [15] proved that the double Hopf bifurcation can be determined to the third order in the case where Re(B 11 ) = 0 and Re(B 22 ) = 0 as for the Z 2 -symmetric first-order scalar equation with two delays. By combining the results of Eq. (3.10) with Eq. (3.12), the normal form arising from Eq. (3.9) becomes 15) where the coefficients of the resonant monomials in Eq. (3.10) are unchanged by the normal form transformation from Eq. (3.12). In polar coordinates η 1 = r 1 e iθ 1 , η 2 = r 2 e iθ 2 , the amplitude and phase equations can be derived from Eq. After analyzing the pitchfork and Hopf bifurcations of Eq. (3.17), we classify eight regions and phase portraits in each region are illustrated in Fig. 3(A) . The general classification of bifurcations can be obtained by analyzing secondary pitchfork bifurcations and Hopf bifurcations from nontrivial equilibria of (3.17) . We can analyze the stability types of these bifurcations and draw the pitchfork bifurcation lines in the (p, τ ) plane, as presented in Fig. 3(a) . The shaded region I in Fig. 3(a) is just "amplitude death island." It can be verified that the periodic solution only exists in the unshaded regions. A fixed 
Thus, we conclude that the Hopf bifurcation occurs on the line It is seen that quasi-periodic solutions of Eq. (3.1) exist in region V as shown in Fig. 4 . By choosing the Poincaré section given byẋ(t − τ ) = 0, the closed curves on the Poincaré section verify the existence of the corresponding quasi-periodic attractors. The Neimark-Sacker bifurcation occurs on the curve HF as shown in Fig. 3 . We consider the 3 : 4 double Hopf bifurcation points shown in Fig. 3(a) cross HF from region VI to region V . It is shown that a chaotic attractor appears through breaking-down of the quasiperiodic attractor. By choosing the Poincaré section given byẋ(t − τ ) = 0 in the phase space, a Neimark-Sacker bifurcation is observed as shown in Fig. 5 . For the √ 5 : 3 double Hopf bifurcation points as shown in Fig. 3(d) , we assume τ = 3.8 and choose the Poincaré section x(t − τ ) = 0. A chaotic attractor appears through breaking-down of the quasi-periodic attractor via a Neimark-Sacker bifurcation in Fig. 6 . 
Conclusion
In this work, a van der Pol-Duffing oscillator subjected to the parametric delay feedback control is analyzed. The occurrence of delay dependent parameters would greatly complicate the analysis of stability and bifurcation of delay systems. A geometrical method as well as an analytical method is presented to determine the stability condition and stability switches of the equilibrium state, and the double Hopf bifurcations are also discussed. The main results are listed as follows:
Firstly, the Hopf bifurcation is strongly relied on the parameter p, except for the time delay τ . The transverse direction of variation of the imaginary characteristic roots are determined by the variation of the parameter p with respect to the variable θ .
Secondly, the Hopf bifurcation curves are illustrated in the (τ, p) plane, and the multi-stability regions are obtained. Some weak resonant and non-resonant double Hopf bifurcation phenomena arise due to two pairs of imaginary characteristic roots appearing on the margin of the "death islands" simultaneously.
Finally, the dynamics near the double Hopf bifurcation points are classified and verified by numerical simulations. It is exhibited that chaos can be induced by quasi-periodic solutions due to the Neimark-Sacker bifurcation on the Poincaré section.
